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Abstract—An approach toward the automated solution of
aircraft trajectory optimization problems is introduced and im- User Interface
plemented in an interactive program called visual interactive Y
aircraft trajectory optimization (VIATO). This MS Windows-
compatible software produces minimum time trajectories to a . N
fixed or moving target. It is easy to use by nonexperts as no Model server | | Model library Optimization
previous knowledge of the methods of optimal control theory Server
or mathematical modeling are needed. VIATO consists of a
graphical user interface, an optimization server, and a model
server. In VIATO, different aircraft types are represented by

a set of parameters. The equations of motion and state as well o506 and compare the performance of different aircraft and
as control constraints are fixed in advance. Since the objective

function is also specified, the user avoids the modeling and explicit t€chnologies [30]. Analysis of safe takeoff and landing in the
formulation of optimal control problems. Reliable convergence Ppresence of windshear [8], [25], produce valuable instructions
to an approximate optimal solution is achieved by converting for pilots encountering such a phenomenon. On the other hand,
the original optimal control problem into a finite dimensional  minimum fuel trajectories (e.g., [36]) aim at cost-effectiveness
ggmwr:gtrlo;rgé?;lﬁmi.n?e parameterized problem is solved using and he.l_p in redyging air traffic poIIutipn. N |
In military aviation, knowledge of different minimum time

Index Terms—Aircraft control, interactive computing, nonlin-  maneyvers is of fundamental importance (e.g., [12], [13], and
ear programming, optimal control. [32]). This fact already guided the seminal studies [6] and is
still acknowledged in pilot training and education. Analysis
of optimal trajectories can also reveal new ways to com-
plete given tasks. For example, mission planning in a hostile

N this paper, a way to automatically solve aircraft trajectorynvironment can be based on estimated risk minimization

optimization problems is proposed and implemented [37].
the visual interactive aircraft trajectory optimization (V|ATO) When So|\/ing a particu]ar trajectory Optimization pr0b|em,
software. Its current version, operated by the research teany user of VIATO needs only to choose the aircraft model type
solves minimum time climb problems, minimum time trajecfrom the model library, select the control criterion, and specify
tories to a fixed or a moving target on the vertical plane, affle initial and terminal states of the aircraft. VIATO then
three-dimensional interception problems. creates the corresponding optimization problem and solves it

The well-known theory of optimal control (e.g., [7]) pro-automatically. After the optimization, VIATO visualizes the
vides a framework for solving optimal trajectories. Neverthgasyits and allows for sensitivity analysis of the solution with
less, in practice, generating numerical solutions is a Iaborio,tgspect to different model parameters.
and time consuming task even for experts in system modelingrhe underlying mathematical theory is hidden behind the
and optimal control theory [4], [27], [34]. As the models argser interface, and thus, pilots and other decision makers
nonlipear, analytical solutions can .be obtained oply in SOM&n study and compare different scenarios independently.
special cases (e.g., [18]). Automating the numerical solutiQRsatile visualization possibilities facilitate clear interpreta-
process would make optimal trajectories easily accessible {4y of results, and sensitivity analysis enhances the user's
engineers, pilots, instructors, and other relevant parties, Rifjerstanding of the nature of the problem. VIATO software
advances in this direction have mainly served mathematically,|q therefore be considered as an off-line support tool for
literate researchers (see Section II). _ ~ decision making and design problems of flight.

Off-line computation of optimal trajectories has a variety \/jaTO has been implemented as a client-server applica-
of applications in different fields of aviation. In flight engi-ion |t consists of three separate blocks: a user interface

neering, optimal flight paths provide a commensurable way {fe client), an optimization server, and a model server (see

Fig. 1). It is possible to distribute the client and the servers
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Fig. 1. Structure of VIATO software.
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a component-based application development environmem$es control parameterization (e.g., [21]). Although operated
VIATO’s mouse-driven interface has a limited set ofhrough a graphical interface, the models and objectives are
commands which makes it easy to manage. It providgézen as source code procedures.
the optimization server with the required information and The direct collocation program (DIRCOL) [34] discretizes
displays optimal trajectories graphically. From the interfaceptimal control problems using direct collocation. The result-
optimal solutions can be exported into other applications agj finite dimensional problem is solved by the NPSOL sub-
well. routine [16] which utilizes sequential quadratic programming.
Aircraft of a certain type, like fighters, obey structurallypIRCOL offers many sophisticated features, like the treatment
similar mathematical models that differ only in parameteis multiple-stage models, discretization error estimation, and
(e.g., [24]). In VIATO, the equations of motion and theadaptive allocation of discretization points. Also, in DIRCOL
structure of possible constraints for control and state variabliee problem is defined by Fortran 77 subroutines.
are fixed in advance, and different aircraft are characterized byThe recursive integration optimal trajectory solver (RIOTS)
a set of parameters which are saved in an aircraft model libraf§1] provides an interactive environment for solving optimal
VIATO'’s model server maintains the library and automaticallgontrol problems via Matlab [2]. The user of RIOTS sup-
creates continuous and smooth approximations for the thrpfies the objective, the constraints, and the dynamics as well
force and the drag coefficients. Approximations can also bs their derivatives as M-files of Matlab. RIOTS consists
formed interactively. of three different programs that discretize original optimal
In VIATO's optimization server, the original optimal controlcontrol problems and solve the finite dimensional problem.
problem is converted into a finite dimensional optimizatiolt can adaptively refine the discretization mesh and compute
problem that is solved using nonlinear programming [19], [28stimates of integration errors.
[33]. For a recent review of different discretization schemes, Trajectory optimization by mathematical programming
see [21]. Current nonlinear programming methods provig@OMP) [23] is a Fortran module for optimal control
reliable convergence and require moderate computational eflculations. It uses control parametrization. The user must
fort. Hence, the optimization can be carried out on a P@irite three subroutines and link them with the main program
which is a common, widespread, cost-effective, and flexibtd TOMP.
platform. The user of this software is expected to be able to formulate
The paper is organized as follows. First, currently existintpe optimal control problem to be solved, and thus, he or
optimal control software is briefly surveyed. In Section llishe must have expert knowledge of mathematical modeling
the class of aircraft trajectory optimization problems, whosand optimal control theory. The software requires source code
solution process is to be automated, is defined. VIATOmodification and recompilation every time the problem is
optimization server and the solution method are describeddttered, which complicates the solution process and calls for
Section IV. The description of the model server is given isome knowledge of programming. In VIATO, the problem
Section V. The graphical user interface and the use of thkss is fixed in advance, and the user specifies the necessary
software are demonstrated by example runs in Section VI. information for the problem formulation via the graphical
Section VII, an example of sensitivity analysis is carried ouinterface.
Concluding remarks appear in Section VIII.

Ill. AIRCRAFT TRAJECTORY OPTIMIZATION PROBLEMS

II. REVIEW OF RELATED OPTIMAL CONTROL SOFTWARE . S .
In an optimal control problem, the objective is to find an

The nonlinear programming for direct optimization of traggmissible control function that transforms a dynamical system
jectories (NPDOT) package [19] discretizes the original optirom its initial state to its final state so that the given objective
mal control problem by direct collocation and uses nonlinegy minimized, and state and control constraints are satisfied.
programming to solve the finite dimensional problem. Its |gentifying the state and control variables of a dynamical
successor, optimal trajectories by implicit simulation (OTlsgystem and specifying the relations between them can be
[20], solves aerospace problems and produces optimal poigtyifficult and complex task. It is obviously impossible to
mass trajectories for different flight vehicles. The model anghnsiate a real-world problem into an optimal control problem
the objective are specified via Fortran 77 subroutines whighthout experience in mathematical modeling.
have to be compiled and linked with the main program by | ajrcraft trajectory optimization problems, the modeling
the user. can be avoided by specifying the equations of motion and the

The variational trajectory optimization tool set (VTOTSkonstraints for control and state variables in advance. This can

software package [5] is aimed at solving arbitrary optim@Je done because structurally identical differential equations
control problems. It consists of a finite element and multiepresent most point-mass aircraft models.

ple shooting algorithms for solving the necessary conditions
for optimality. VTOTS uses three computer languages and |
compilers. A. Aircraft Model

The OptiA system [11] is an interactive environment for In VIATO, the dynamics of an aircraft are described by
the definition, solution, and analysis of nonlinear mathematical system of differential equations that constitutes the state
programming problems. For optimal control problems, Optigquation of the optimization problem. The equations of motion
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TABLE |
THE PARAMETERS THAT CHARACTERIZE AN AIRCRAFT IN VIATO
Parameter ” “ Independent variables
Maximum thrust force Tinas Altitude, Mach number
Zero drag coefficient Ch, Mach number
Induced drag coefficient CD, Mach number
Initial mass mg
Drag polar coefficient a
Wing area S
Fuel consumption coefficient c
Load factor bounds Tomins Pmaez || Altitude, Mach number
Dynamic pressure bound Umaz
for the 3-D point-mass model of an aircraft are The pilot and the aircraft itself set some constraints for the

state and the control variables. The loadfactohas lower
and upper limits which in general depend upon the altitude

T =1V COSYCOoS X 4
and the Mach number of the aircraft

9 =wvcosysin y

h IUSiIl’}/ nmin(th(hvv)) S n S nmax(th(hvv))' (2)
1 The feasible region of stationary flight is described by the
0= Wlnax(h, M(h, ) = | Cp, (M (h,v)) minimum altitude constraint
) Hh) =hgpin—h <0 (3)
+ Cp, (M(h,v)) 1”& _a S%g(h)vQ the minimum velocity constraint
— 2
S2g(h)v Vh,v) = vmin(h) —v <0 4)
— gsiny
. g and the maximum dynamic pressure constraint
4 =Z(ncosp — cosy)
v
: 1
. _ g nsin p Q(h,v) = _Q(h)UQ — Qmax S 0. (5)
v COS7y 2
m = —culmax(h, M (h,v)) (1) In addition to the constraints above, the problem definition

includes the initial and terminal conditions for the state vari-

(e.g., [24]). The state variables y,h,v,~,, and m refer ables. For example, in 3-D minimum time flight to a given
to the z-range, they-range altitude 7\/e7I0(7:ity flight path MoVing target, the terminal condition of the aircraft is defined
angle, heading angle, and mass of the aircraft, respectivé?y.
The normal acceleration of the aircraft is controlled with the

U(W(T),z(T),y(T)) = ar(MT) = hiar(T))?
loadfactorn and the tangential acceleration with the throttle (R(T), 2(T), y(T)) = en (M(T) tar )2

setting v € [0,1]. The loadfactor is the ratio of the lift + as(2(T) — Tiar)
force and the gravitational force that affect the aircraft. In + as(y(T) — year(T))?
3-D flight, the loadfactor can be directed with the bank angle =d? (6)

u € [—m,w]. The gravitational acceleration and the specific
fuel consumption coefficient are assumed constant. Thevhereh,, (1), zi.(T), andy... () refer to the position of the
aircraft mass is also included as a state variable because fliginget at the capture instaiht For a target, these quantities are
times of several hundred seconds may reduce the mass aamequely determined by the target’s initial position, velocity,
siderably.T,,.x(h, M(h,v)) denotes the maximum availableflight path angle, and heading angle. The positive constant
thrust forceCp, (M (h,v)), andCp, (M (h,v)) denotes zero- d refers to the capture radius. Different scales of the state
lift and induced drag coefficients, respectively.refers to variables are balanced by the coefficients «2, and . If
the reference wing area of the aircraft. Modern flight controhe flight state of the interceptor must coincide exactly with
systems are able to reduce the induced drag (e.g., [12], [2%9e flight state of the target at the capture instant, then the
The effect can be approximated by a positive constant interceptor’s velocity, heading angle, and flight path angle
The Mach numberM (h,v) and the air density(h) are must also be included in the terminal conditions.
computed on the basis of the ISA standard atmosphere. Thd®ifferent aircraft types can be distinguished from each other
equations of motion in the vertical, i-plane are similar to by a set of parameters that are present in the dynamic system
the equations above, but therange, the heading angle, andr in the constraints. In VIATO, the aircraft is characterized
the bank angle are not present. by ten parameters that are shown in Table I.
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B. Objective Function satisfy the state equations pointwisely. For simplicity, assume

With the current implementation of VIATO, one can solvéhat the stater and the controlu are scalars. Lel) =
various minimum time problems including minimum timdt < *** <ty = 7' be an equidistant division of the solution
climb, minimum time trajectories to a fixed or a moving targePterval [0,T]. The state trajectory is represented in each
on the vertical plane, and 3-D interception. A moving target fubintervalft;, ti1.] by cubic of the form

specjfigd by iFs initial position, velo_city., and flig.ht path angle. p(T) = a1 + a7 + asT + gt 9)
In minimum time problems, the objective function is the total
flight time to the terminal state wherer € [0,1] is the normalized time. The control variable

T, pu) is approximated piecewise linearly.
J(n, p,u) = / " dt,  T(n,uuw)>0. (7)  Define the defect at the center of each subinterval as
0

Other appropriate optimization tasks such as those related A=p(1/2) = Jp(1/2),u(1/2)) (10)
to fuel consumption and tracking could be implemented aghere f denotes the state equation of the original optimal
well. In the minimum fuel consumption problem, the objectiveontrol problem. The quantities(1/2), p(1/2), and u(1/2)
function to be maximized is the final mass of an aircraft can be expressed usipg0), p(1), u(0), andu(1) (see [19]).

Tln, ) = m(T(n, j, u)) (8) Th_erefore, the stat_e_and th_e control varia_bl_es at_ each time

T e point become decision variables of the finite dimensional

The final time is free or fixed. In tracking problems, th@ptimization problem. Now the controls at the time points
objective is to maintain the aircraft as close as possible tocan be selected freely within their bounds to minimize the
given reference flight path by minimizing the average squaretijective function subject té\ = 0 and the state and control

deviation from it. constraints. The resulting solution satisfies the state equation
of the original problem at the center of each subinterval and
IV. OPTIMIZATION SERVER at each time point;.

The scheme based on differential inclusions replaces the

The optimization server is an independent program th : . . . .
P P prog erential equation constraint with a requirement that each

is implemented with Fortran 77. The server discretizes t

problems using direct colocation [19] or a scheme basdFE TS 11 0F BRI o SIS
on differential inclusions [28], [33]. The finite dimensionaf® ' y

S o ; . of the states that can be reached from a given state in some
approximation of the original optimal control problem is; . ~. ; . . : :
e . . nite time interval with admissible controls. To identify the
solved by utilizing a nonlinear programming package NPS o T . .
: . . . —set of attainability, the hodograph of the dynamical system is
[16], an implementation of sequential quadratic programmin : . .
(SQP), (e.9., [3]). e(?nployed. .It is d_eflned as the set of possmle st.atg rates that
Another way to solve an optimal control problem is &an be achieved in the_current state with an admissible co_ntrol
- o 3]. If the state equation and the constraints of the optimal
use indirect methods that solve the necessary conditions for :
L - . . .cpntrol problem are given by
optimality. The necessary conditions constitute a multipoin
boundary value problem that can be solved mainly by using = f(z,u), P(x)<0, 6(z,u)<0 (11)
three approaches: shooting methods, indirect collocation, and ] ]
finite difference methods. These methods produce accurkté hodograph of the dynamic system at staten be written

results, but they are not always useful for an automat@d

solution process because their convergence domain is smafly(;) = {3 € R|i = f(x,u),9(z) < 0,60(x,u) < 0}. (12)
The initial guess for both the state and adjoint variables must ' '

lie close to the optimal solution. In addition, the switchind-€t us assume that there are smooth functiprend ¢ such
structure, i.e., the sequence of the constrained, unconstrairieat the hodograph can be expressed as

and singular arcs of the solution must be specified in advance. H(z) = {& € R|p(&, ) = 0,q(&, ) < 0. (13)

A. Discretization Methods in VIATO In practice,p and ¢ are formed by eliminating the control

Several methods exist for converting optimal control proty2riables from the state equatiofisand the constraints and

lems into finite dimensional optimization problems. For
review, see [21]. A suitable approach for automated solution
is to discretize both the control and the state variables. In ti}
way, the explicit numerical integration of the state equatior{'gJ
and the objective function is avoided. Furthermore, the stateq(, ¢, ¢, + At) = {z € R*|z = zo + At - H(zo)} (14)
and the control constraints of the problem are treated as usual
constraints of nonlinear optimization. In VIATO, the state an@here
control discretization is carri(_ad out_usi_ng di_rect collocation At - H(xo) = {At - i|# € H(zo) ). (15)
[19] or a scheme based on differential inclusions [33].

The direct collocation method seeks the solution of tHeet 0 = #; < --- <ty = 7 again be a subdivision of the
problem among piecewise-defined polynomials that have golution interval. Using the first-order approximation of the

gAfter identifying the hodograph, the first-order approxima-
an of the set of attainability at staig within the time interval
,t1] = At is given by
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state derivative, the approximate set of attainability (14) caliscretization method and the initial number of the discretiza-

be replaced by the conditions tion points. The problem can first be solved with a sparse
discretization grid to get a rough initial estimate of the solution.

<M7xil> =0, Then the accuracy of the approximation is increased by
ti—ti1 adding discretization points. While the next solution is being

computed, the user may already study the previous solution.
The new solutions are produced such that the previous solution
is used as the initial guess. In this way, a solution with a dense

In this way, the constraints (11) are replaced with the approXjiscretization grid is often obtained faster than by solving the
mate relations (16) that can be treated as constraints of a figiigplem only once using a dense grid.

dimensional optimization problem.

In the o_pti_mizgtion tasks which are implementec_i i.n VIB. Nonlinear Programming by SQP
ATO’s optimization server, the controls can be eliminated o ) . . ) ]
analytically. In problems where the explicit elimination is not SQP is widely used in solving discretized optimal control
possible, the controls must be solved using some iteratiggPPlems, and several versatile implementations of SQP are
method every time the constraints (16) are evaluated. TR¥Aable (e.g., [16], [17], [35]). SQP is a method in which the
elimination of the control variables might be beneficial iRbPiective function is approximated with a quadratic function
problems involving singular control arcs [33]. The direcft €ach iteration step, and nonlinear constraints are linearized.

collocation and differential inclusion schemes are comparddi® resulting linear-quadratic problem is solved by a suitable
in [28]. guadratic programming method, and a line search between the

Define vector X of the decision variables byX = iteration point and the solution of the quadratic problem is

[€),... @/, 1, ... u, T] for the direct collocation method ce;]rried Oul'F- ;’he SS_P me_th%d co_nvelrges ra;l)idlyb?nd reliably
and X = [z},....2,T] for the differential inclusion When applied to a discretized optimal control problem [17].

scheme, respectively. Herg] means the transposg, is the Implementations that treat matrices as sparse [9], [17], [26]
final time, andz; andw,.i — 1,.... N refer to the state and ¢@n be used, because the Jacobian of the constraints and the
the control vectors at time¢;. The dimension ofX depends Hessian of the Lagrangian are almost block-diagonal. Never-
upon the dimension of the state and control vectors. TiReless, the special treatment of sparsity is beneficial only if the

discretization methods replace the optimal control probleRiimber of discretization paints is large. VIATO's optimization

ti —ti—1

with the finite dimensional approximation server is implemented with the NPSOL subroutine [16] that
treats the matrices as dense.
min f(X) In NPSOL, SQP is implemented using an augmented La-
grangian merit function [15]. During the solution process,
subject to the step length of the line search is chosen such that the
_ value of the merit function is decreased properly. Convexity
o(X) =0 of the Lagrangian is ensured by a quadratic augmentation
9(X) <0 term. Therefore, the iteration point will converge from any

) o ) ] reasonable initial guess to a point that satisfies the first-order
where f is the objective function, ané@ and ¢ define the necessary conditions for optimality.
appropriate equality and inequality constraints. In optimization routines, the values of the objective and
The selection of the discretization grid affects the accuragye constraints and their first derivatives with respect to the
of the finite dimensional solution. In principle, the accuracyaisjon variables are needed at arbitrary points. The deriva-
can be increased by careful allocation of the discretizati¢es could be computed by finite differences. In VIATO's

points. For example, if solutions obtained by equidistant poingsyimization server, faster and more reliable convergence is
show rapid state transitions in some time interval, then thgnieved by using analytical expressions.

problem can be solved again such that the points are placed
more densely in the intervals of rapid state transitions and maoke
sparsely in intervals with slow state rates. In practice, the dis-
cretization points must be updated adaptively. In this processAlthough nonlinear programming methods have a large con-
the problem is first solved using the given gridpoints. Thefgrgence dom§\|n,_the|n|t|al guess.fo.rdetusmn variables cannot
the grid is refined by adding and relocating the gridpoint§€ chosen arbitrarily. VIATO's optimization server determines
The refinement strategies are based mainly on either the 1ol initial guessz; ;. from a straight line connecting the initial
approximation error [4] or the equidistribution of the approxiand the terminal conditions

mation error [22]. The adaptive grid refinement is useful ifthe . j gy (i—=1)
—.T1+(l’f—$1)(N_1),

Initial Guess for Decision Variables

initial grid is sparse. Nevertheless, even personal computers®i,ini i=L....N (17)

are so powerful today, that the optimization problems can be '

solved using a sufficiently dense grid. where NV is the number of the discretization points, is the
VIATO utilizes equidistant discretization and continuatiomnitial value, andz’, is the terminal value of the particular state

with respect to the number of the discretization points. WhenIf the initial or terminal value of a variable is not fixed, an

solving an optimization problem, the user can choose tlétial guess is generated using heuristic rules that utilize the
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given initial and terminal states. An initial guess for the final The drag coefficients are approximated using a rational
time is produced by estimating the average velocity of thmolynomial or piecewise cubic splines. The form of the rational
aircraft and computing the distance from the initial state tpproximation is

the terminal or predicted capture position.

Computational experience with VIATO has shown that in Z ;M
most cases, this initial guess leads to convergence. Further- o
more, convergence from this nonfeasible initial guess seems f) = m (20)
to be faster than from a feasible initial guess that is obtained 14 Z d; M?
by integrating the state equations with appropriate feasible i=1
controls.

where the coefficients andd; are determined by least squares
fitting. When the approximation is determined interactively,
the user can test different degrees of the denominator and the
An essential part of the solution is the scaling of thaumerator and select the most suitable ones. The coefficients
variables and the constraints. Optimization routines genek- must be chosen such that no poles arise in the range of
ally assume that the decision variables and the constraitite argument\. If this happens, the user interface gives an
are roughly of the same magnitude. Badly scaled decisiemror message. A rigorous treatment of the poles would lead to
variables and constraints may cause numerical errors in #eonstrained and nonconvex optimization problem that most
iteration. A suitable scaling is an affine transformation [15]likely cannot be solved automatically.
In VIATO, each state and control variable is normalized by In a spline approximation (see [10]), a cubic polynomial is

D. Scaling of Variables and Constraints

the absolute maximum of the initial guess created at the same time for every subinterval of the knots
j 0=M<--<M, = M., Note that the knots are not
= ~ i - ) i=1,...,N. (18) necessarily the same as the data points. The form of the cubic
’ max{|z] il - - |97fv,ini|} spline for every interva[M;, M; 1] is
Here N is the number of discretization points{ym is the si(M) = a; + b;M + ¢;M? + d; M® (21)
scaled variable withi specified as above, and , ;. - ., ¥y i _ .
are the initial guesses for the particular state or contrgthereM € [M;, M;1,]. The splines are fitted to the data by
variables. The final time is scaled as least squares fitting and by requiring that the approximation
T and its first and second derivative are continuous. The user can
Toca = T (19) add new knots and decide the tradeoff between the accuracy

) ) _ ) and the smoothness of the spline approximation.
where U is the estimated upper bound for the final time The maximum thrust force is approximated by a 2-D poly_

The components of the constraintsind g are scaled by their nomial or a B-spline. The 2-D polynomial approximation is

values at the initial guess.
pr q

P(M, ) = MUY 22
V. MODEL SERVER (M, h) ; ]z::O Cij (22)

In VIATO, different aircraft types are characterized by a set . . -
of parameters which are stored in a model library. The valugge coefficients; ; are determined by least squares fitting. In

of the induced drag and the zero drag coefficient, as well ¢ intéractive process, the user can test different degraed
the maximum available thrust force, are known only at certath A disadvantage of a polynomial approximation is the fluctu-

Mach numbers and altitudes as tabular data. The optimizatiaiP" that appears with high-order polynomials in particular. It

routine needs the values of the parameters at arbitrary staf! Pe avoided using piecewisely-defined 2-D polynomials,

and therefore, the data must be approximated or interpolafeg" a B-s_pline approximation [10]. This approximation is
using some continuous functions, formed using the knotd) = M; < --- <M,, = Myuax,

An interpolation fits the data exactly, but it might fluctuatd = 71 < =*+ </t = humax and base functiod;, given by

between the data points. Furthermore, the data often consists i+4 ' 3
of measurements which may include noise, and thus, exact Bi(z) = (g4 — ;) Z M (23)
fitting is not appropriate. For these reasons, approximation is j=i @i(x;)
chosen instead of interpolation in VIATO. )
For optimization purposes, the approximation has to t%herexi is a knot and
smooth and continuous. Furthermore, the evaluation of the i+4 itd
approximation must not require considerable computational Pl (z) = Z H (x — zp)- (24)
effort, because the optimization routine calls the approximation j=i k=i

. i .. . k£
numerous times during the optimization. ’

The model server of VIATO automatically creates corithe function[z], is defined as
tinuous and smooth approximations which can be affected
interactively. The user can make a tradeoff between the [2] 4 :{
accuracy and the smoothness of the approximation (see Fig. 2).

0, whenz<0
z, whenz > 0.
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Fig. 2 Visualization of the approximations. A tradeoff can be made between the accuracy and the smoothness of the approximation.

The 2-D continuous and smooth B-spline approximation & 3-D minimum time flight to a fixed target. The software

formed by the sum of the base functions is operated in a PC equipped with a 200 MHz PentiumPro
l—d m—d processor and Windows NT operating system.

S(M,h) = Z Z Bi ;1 B;(M)B;(h). (25) The user first chooses the aircraft model from the model

=1 =1 library. In the examples, we use a generic modern fighter

aircraft. After the aircraft model has been selected, the user
can choose the problem type from among four possible opti-
Hrggation tasks mentioned earlier.

The coefficientss; ; are determined by fitting the function (25)
to data points in the least-squares sense. If the user forms
approximation interactively, he or she can make the tradeo
between accuracy and smoothness of the approximation by

adding or removing knots. A. Minimum Time Climb on a Vertical Plane

The continuous approximations for the drag coefficients and pfier the problem type has been chosen, the initial and the

the thrust force are formed and displayed together with th&ninal conditions are specified (see Fig. 4). The user can also
wing area and the mass of the aircraft by the model server.cysose the method of discretization (either direct collocation or

typical aircraft model is presented in Fig. 3. differential inclusion) and the number of discretization points.
If necessary, a similar approach can be adopted for the 10gg; gefault, the server uses the collocation method and ten

factor upper and lower boundsg,i,(h, M) andnua.(h, M).  yiscretization points.

At this stage, however, bounds are assumed to be constant. |y the example, the initial and the terminal conditions of

the aircraft are
VI. EXAMPLE RUNS wWITH VIATO

The software is demonstrated by solving two example R(0) =100 m, ~(0)=0.1rad v(0) =150 m/s
aircraft trajectory optimization tasks. The example problems (0) =10000 kg, A(T) = 10000 m

are a minimum time climb, where the total time needed in
achieving a certain altitude and velocity is minimized, and v(1) =400 m/s

m
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Fig. 3. Typical aircraft model.

Exit Model Optimize

Minimum Time Climb

Fig. 4. Specification of the initial and the terminal conditions.

The initial conditions correspond to a flight situation just after Once the user interface has received the required informa-
a takeoff. tion, it calls the optimization server. The server solves the
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Fig. 5. Visualization of 2-D trajectories in VIATO.
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Fig. 6. Optimal solution shown with the SEP-plot.

problem and returns the optimal solution to the user interfaaan further be shown together with constant energy contours
Optimal solutions are presented graphically, and results camd contours of the time derivative of the aircraft's total
be saved in a file. Thus, it is possible to read the solutions émergy, also called specific excess power (SEP) in the Mach
other applications as well. number-altitude plane (see Fig. 6). In addition to the plots,
Solutions obtained with a 2-D point-mass model are showirajectories to a moving target can be animated.
in 2-D plots (see Fig.5). The optimal state and control The example minimum time climb problem is solved with
variables can be plotted as a function of some other stateldy, 20, 30, and 40 discretization points. The computation
control variable or the total flight time. The optimal trajectorieimes are 1, 4, 15, and 40 s, respectively. The optimal flight
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Fig. 7. Visualization of the time optimal trajectory to the fixed target in 3-D space.

time is approximately 97 s. The optimal trajectory with 30 VII. SENSITIVITY ANALYSIS

discretization points is shown in Fig. 5. Solutions of optimal control problems depend upon model
parameters. Their impact can be studied using basic sensitivity

B. Three-Dimensional Interception analysis. In VIATO, the effect of the maximum thrust force or

In the second example, a 3-D interception problem is solvdfje drag coefficients, as well as the initial or terminal states,
The objective of the interception is to fly in minimum timeS@n be studied. As an example, we consider the minimum
from the initial state time-climb of the previous section and study its sensitivity

with respect to the initial mass,.

z(0)=0m, (0)=0m, #&(0)= 35000 m, We write the discretized problem as
v(0) =200 m/s  ~(0)=0.1rad x(0)=0.1rad minT
to the terminal point subject to
- — _ c(X)=0
#(T) =10000 m, y(T) = 10000 m, A(T) = 10000 m, v
~(T)=0rad, x(T)=0rad 9(X) <0
m1p — Mo = 0 (26)

The 'Fe_rminal velocityv(T’) of the air_craft _iS fre_e. T_he initial where the initial condition for the mass of the aircraft has
conditions correspond to a subsonic cruise situation. been written separately

In t;addiltion (;O' the32-D _plots, tT‘e op:]imetl)l trsjectclwry ?an Let us assume that the optimal solution of the above problem
now e.potte. in a 3-D plcturg where the bank angle o ﬂ] X*. Denote by¢ the equality and the binding inequality
aircraft is also |IIu§trated (see Fl'g. 7). The user can ch_ange straints at{*, and let)\* be the corresponding Lagrange
perspective, the size, and the view angle of the_3-D p'c_ture'rﬁhltiplier. Further, let\;, correspond to the constraint (26),
is also possible to draw the projections of the optimal trajectoly, 1 - << me that the solution satisfies the usually assumed
on tr?ex’y_’f’h_’ ianddy,h_-planoesz.o 30. and 40 discretizagSanditions for basic sensitvity theorems (e.g., [14, Th. 3.2.2)).

T € example s solve usmg;[ 20, 30,and 4 |scret|zaF|onThe Lagrange multipliers represent the first-order sensitivity
F’O'ms and the direct collocation me‘ho‘?'- The computatllqﬂ the rate of change of the optimal objective function as
times are 3, 15, 50, and 120 s, respectively. The 3-D t'.neﬁe parameter that is associated to the particular constraint

optimal trajectory with 20 discretization points is shown Ir?:hanges. The derivative of the optimal objective function at
Fig. 7. The dimension of the problem is larger, and therle* with respect to the parameter, is

are more constraints than in the minimum time-climb task. .
For these reasons, the computation times increase but are still or — 27)
rather reasonable. The flight takes 63 s. amg ™
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Fig. 8. Family of minimum time climb trajectories obtained with 20 discretization points. The initial mass of the aircraft is changed in 500 Kg interva
from 9000 to 10500 Kkg.

so that the first-order approximation for the change of the In VIATO, the sensitivity analysis also can be carried out
optimal flight time is given by by solving the problem with a new value of the parameter
after the problem has been solved once. The user chooses the
varying parameter and its new value, and the problem is solved
such that the nominal solution is used as the initial guess. In
this way, the perturbed problem can be solved quickly. The
solutions of the perturbed problems are visualized together
with the nominal solutions.

As an example, the first problem of Section VI is now
Thus, a change of 100 kg in the initial mass changes the togalved such that the initial mass is changed in 500 kg intervals

AT™ = A, Amg. (28)
In the first example run, the value af,, is approximately

A /2 0.012672.

flight time approximately 1.3 s.
_The sensitivity of the optimal solutiofX™, A*'), \* =
(A, Ay

relation

from 9000 to 10500 kg. The number of the discretization
points is 20. The optimal flight times are 87, 91, 96, and 100

) with respect tom, can be studied by using thes, respectively. The family of the optimal solutions is shown

in Fig. 8. The computation times of the perturbed problems

varied between 3 and 5 s. The results are in agreement with
(28).
(29)

VIILI.

We have introduced an approach for the automated solution
of optimal flight trajectories. The structure of the aircraft
models and the objectives of the problems are specified in ad-
vance, and different aircraft types are characterized by sets of
parameters which are stored in a model library. Restricting to a
class of problems facilitates the efficient automatization of the
. . ... solution process. The approach is implemented in the VIATO

However, for the presented aircraft trajectory optimizatioQ ¢\~ re which consists of an optimization server, a model
problems, the use of the sensitivity results proved unreliablg, e and an intuitive, menu-driven, graphical user interface.
The accuracy of the solution depends on the feasibility and 4r as the authors know, VIATO is the only software that
optimality tolerances that are used in the optimization algean pe run automatically by a nonexpert user. Preliminary tests
rithm. In practice, the tolerances cannot be arbitrarily tightaye shown that after a short introduction, aircraft engineers
because the approximate solution should converge in modefgihout any specific background in optimization are able to use
time. The approximate nature of the solution and the Lge software independently. Due to the efficient checking of
grange multipliers cause numerical errors in the Jacobian ah@ initial and terminal states, numerical problems are unlikely
especially in the Hessian, which makes (29) ill-conditioneto occur.

Another problem is that the set of binding constraints must beThe implementation efficiently hides the mathematics and
unchanged as the sensitivity parameter changes. practical problems related to the formulation and solution

& (X*\ _(H AT\ :

e (v )= (80 ) ey [

g C ONCLUSION

(for the general formula, see [14], Ch. 4) whe#eis the

Jacobian of the constrain@(x)’,m; — mo) and H is the
Hessian of the Lagrangiah defined by

L=T+X&z) + N\, (m1 — mao). (30)
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of optimal control problems.

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART C: APPLICATIONS AND REVIEWS, VOL. 29, NO. 3, AUGUST 1999

In addition, much of the la{17]

borious work concerning model management has been au-
tomatized. The use of discretization and nonlinear program-
ming in the optimization server enlarges the convergeng] V. Y. Glitzer, “Optimal planar interception with fixed end condi-
domain and ensures the convergence from the automatically
generated initial guesses. The treatment of the necessgy c. R. Hargraves and S. W. Paris, “Direct trajectory optimization using
conditions, as well as the estimation of the switching structure,
is avoided. [20]

Due to discretization, the solutions are approximate. The
accuracy can be improved either by increasing the numidét
of discretization points or by reallocating the current points
adaptively. Computational experience with VIATO has showp2]
that the present computational power seems to favor the former
alternative even in interactive use.

Aside from flight path optimization, a similar approach als3]
could be tailored to other application areas where repeated
optimal trajectories are needed, and global solutions cannot(bg

obtained. Such an area might be, for example, industrial robot
manipulator trajectory planning. 2
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